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BRAIDED ROTA-BAXTER ALGEBRAS, QUANTUM QUASI-SHUFFLE ALGEBRAS
AND BRAIDED DENDRIFORM ALGEBRAS
LI GUO AND YUNNAN LI
Abstract. Rota-Baxter algebras and the closely related dendriformalgebras have important physics
applications, especially to renormalization of quantum field theory. Braided structures provide ef-
fective ways of quantization such as for quantum groups. Continuing recent study relating the two
structures, this paper considers Rota-Baxter algebras and dendriform algebras in the braided con-
texts. Applying the quantum shuffle and quantum quasi-shuffle products, we construct free objects
in the categories of braided Rota-Baxter algebras and braided dendriform algebras, under the com-
mutativity condition. We further generalize the notion of dendriform Hopf algebras to the braided
context and show that quantum shuffle algebra gives a braided dendriform Hopf algebra. Envelop-
ing braided commutative Rota-Baxter algebras of braided commutative dendriform algebras are
obtained.
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1. Introduction
This paper studies Rota-Baxter algebras and the closely related dendriform algebras in the
context of braided algebras, with special attention to the free objects obtained from the quantum
shuffle and quantum quasi-shuffle algebras.
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1.1. Yang-Baxter equation and braided algebras. The Yang-Baxter equation (YBE), also called
the quantum Yang-Baxter equation in some literatures to distinguish it with its classical limit, is
a master equation in integral models in statistical mechanics named after C. N. Yang and R. J.
Baxter, from their study of many-body problem [45] and exactly solvable lattice models [9] re-
spectively.
In the past several decades, the YBE has been studied in depth with progresses in many areas,
such as C∗-algebras, link invariants, quantum groups, tensor categories, integrable systems and
conformal field theory. For example, solutions of the YBE from quantum groups and their repre-
sentations are called R-matrices; while in braided tensor categories, they appear as the structural
ingredient, the braidings. In general, any linear operator on a space obeying the braid relation is
called a Yang-Baxter operator, as the braid relation is equivalent to the YBE (without the spectral
parameter). Then the space is called a braided vector space.
Built on a braided space, the notion of a braided algebra was formulated in the early 1990’s
to generalize classical differential calculus in a noncommutative geometry setting [5], and was
applied to study quantum analogues of linear-algebraic objects [24], where it was formerly named
r-algebra or Yang-Baxter algebra respectively. Roughly speaking, a braided algebra is an algebra
equipped with a Yang-Baxter operator compatible with its multiplication.
Braided algebras are generally studied as objects in braided tensor categories, such as Yetter-
Drinfeld categories (see [36]). Concrete examples of braided algebras are commonly found in
quantum group theory, in particular the positive parts of quantum groups. Also, given a represen-
tation of a quantum group, one can construct several kinds of braided algebras with their Yang-
Baxter operators coming from the universal R-matrix of the quantum group, including quantum
symmetric or exterior algebras [10, 13].
With a richer structure than braided algebras, braided Hopf algebras were widely studied. As a
special class of braided Hopf algebras, Nichols algebras played a crucial role in the classification
program of Hopf algebras [2, 44]. In 1998, Rosso quantized the shuffle algebra to give an intrinsic
realization of Nichols algebras [40]. Later Jian and Rosso introduced quantum multi-brace alge-
bras generalizing both braided algebras and B∞-algebras [28]. Particular interesting examples are
quantum quasi-shuffle algebras [26, 29].
Braided algebras have been applied to several other areas of mathematics and physics, such
as homology [4, 32], Hopf algebras [3], noncommutative geometry [23] and conformal field
theory [42].
1.2. Rota-Baxter algebras. Another algebraic structure of importance in physics is Rota-Baxter
algebra.
A Rota-Baxter algebra is an (associative or Lie) algebra together with a linear operator satisfy-
ing a certain operator identity, called the Rota-Baxter identity. In the associative algebra context,
the Rota-Baxter algebra originated from a probability study of G. Baxter [8] in 1960 where he
deduced important identities in fluctuation theory from the Rota-Baxter identity. Other than their
theoretical significance, Rota-Baxter algebras have found broad applications in areas of mathe-
matics and physics [20, 41].
On the mathematical side, Rota-Baxter algebras are naturally related to dendriform algebras,
tridendriform algebras and Zinbiel algebras [1, 16, 34, 35], and intrinsically related to quasi-
symmetric functions, through their connection with quasi-shuffle product [17].
On the physics side, the Rota-Baxter algebra, together with the Hopf algebra, forms the alge-
braic foundation in the approach of Connes-Kreimer to renormalization of perturbative quantum
field theory [14, 18]. Further, the Rota-Baxter operator in the Lie algebra context is closely related
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to the operator form of the classical Yang-Baxter equation as the classical limit of the (quantum)
Yang-Baxter equation [6, 43].
As in the case of well-known algebraic structures, free Rota-Baxter algebras (in the commuta-
tive case) were investigated in the early stage of the study. Rota [41] and Cartier [12] provided
two constructions in late 1960s and early 1970s, with Rota’s construction closely related to the
Waring formula for symmetric functions and Cartier’s construction built on the stuffle product
preceding its formal introduction into multiple zeta values by almost three decades [11]. The
third construction, obtained by Guo and Keigher [22], was built by mixable shuffle product, a
generalization of the shuffle product and the explicit form of the quasi-shuffle product which
became prominent in connection with multiple zeta values [25], but can be traced back to [37].
1.3. Braided Rota-Baxter algebras. Motivated by the importance of quantum groups and braided
algebras [30, 31], braided or quantized objects from the shuffle product, quasi-shuffle product
and Rota-Baxter algebras were obtained, in [40], [26, 29] and [27] respectively. See also [19] for
quantization of algebra of rooted trees. Such constructions provide more examples and applica-
tions of Rota-Baxter algebras, quantum groups and braided algebras [28].
In [27], the notion of braided Rota-Baxter algebras was introduced. As in the case of Rota-
Baxter algebras, quantum quasi-shuffle algebras were used to obtain braided Rota-Baxter alge-
bras. Quantum quasi-shuffle algebras were also shown to be tridendriform algebras.
This paper further clarify the connections between braided algebras and quantum quasi-shuffle
algebras on the one hand, and Rota-Baxter algebras and dendriform algebras on the other.
First utilizing quantum quasi-shuffle algebras and braided Rota-Baxter algebras, we obtain
free commutative braided Rota-Baxter algebras in both the unitary case (Theorem 2.6) and the
nonunitary case (Proposition 2.7).
We next introduce the notion of a braided dendriform algebra and show that a strong ver-
sion of braided Rota-Baxter algebra gives a braided dendriform algebra, not just a dendriform
algebra. Generalizing the dendriform algebra structure on the shuffle algebra which splits the
shuffle product, we derive a braided dendriform algebra structure on the quantum shuffle alge-
bra of Rosso [40], enabling us to split the quantum shuffle product (Theorem 3.6). Further, this
structure gives the free braided commutative dendriform algebra (that is, free braided Zinbiel al-
gebra), generalizing the classical result of Loday [33]. We further equip a Hopf type structure
on the quantum shuffle algebra, more precisely making it a braided dendriform Hopf algebra
(Theorem 4.3).
The left adjoint functor of the functor from Rota-Baxter algebras to dendriform algebras [1]
gives the enveloping (Rota-Baxter) algebra of a dendriform algebra. Taking into consideration
of the braided structure, we give the enveloping algebra of a braided commutative dendriform
algebra (Theorem 5.2).
Notation. In this paper, we fix a ground field k of characteristic 0. All the objects under discus-
sion, including vector spaces, algebras and tensor products, are defined over k. For a vector space
V , we denote by T (V) the tensor algebra on V , by ⊗ the tensor product within T (V), and by ⊗
the one between T (V) and itself as in the deconcatenation coproduct. By an algebra, we mean an
associative algebra which is not necessarily unital unless otherwise stated.
We denote by Sn the symmetric group acting on the set {1, 2, . . . , n} and by si, 1 ≤ i ≤ n − 1,
the standard generators of Sn permuting i and i + 1.
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2. Braided algebras, Rota-Baxter algebras and quantum quasi-shuffle algebras
In this section, we first recall some background on braided algebras, Rota-Baxter algebras
and quantum quasi-shuffle algebras. We then show that the Rota-Baxter algebras obtained from
quantum quasi-shuffle algebras are the free objects in braided commutative Rota-Baxter algebras.
2.1. Braided algebras and Rota-Baxter algebras. A braiding or Yang-Baxter operator on a
vector space V is a linear map σ in End(V ⊗ V) satisfying the braiding relation on V⊗3:
(1) (σ ⊗ idV)(idV ⊗ σ)(σ ⊗ idV) = (idV ⊗ σ)(σ ⊗ idV)(idV ⊗ σ),
which up to a flip is the Yang-Baxter equation without spectral parameter. Moreover, we say
that σ is symmetric if σ2 = id⊗2V . A braided vector space, denoted (V, σ), is a vector space V
equipped with a braiding σ. For any n ∈ N and 1 ≤ i ≤ n − 1, we denote by σi the operator
id
⊗(i−1)
V
⊗ σ ⊗ id
⊗(n−i−1)
V
∈ End(V⊗n).
Definition 2.1. Let λ be a fixed element in k. A Rota-Baxter algebra of weight λ is a pair (R, P)
where R is an algebra and P is a linear endomorphism of R satisfying
P(x)P(y) = P(xP(y)) + P(P(x)y) + λP(xy) for all x, y ∈ R.
The map P is called a Rota-Baxter operator of weight λ.
For two Rota-Baxter algebras (R, P) and (R′, P′) of weight λ, a map f : R → R′ is called a
homomorphism of Rota-Baxter algebras if f is a homomorphism of algebras such that f P = P′ f .
Definition 2.2. Let A be an algebra with product µ, and σ be a braiding on A. We call the triple
(A, µ, σ) a braided algebra if it satisfies the conditions
(2) (idA ⊗ µ)σ1σ2 = σ(µ ⊗ idA), (µ ⊗ idA)σ2σ1 = σ(idA ⊗ µ).
Moreover, if A is unital with unit 1A and satisfies
(3) σ(a ⊗ 1A) = 1A ⊗ a, σ(1A ⊗ a) = a ⊗ 1A for all a ∈ A,
then A is called a unital braided algebra. If µσ = µ, then A is called (braided) commutative.
For two braided algebras (A, σ) and (A′, σ′), a map f : A → A′ is called a homomorphism of
braided algebras if f is a homomorphism of algebras and ( f ⊗ f )σ = σ′( f ⊗ f ). If A, A′ are
unital, then it also requires f (1A) = 1A′ .
Following [27], we give
Definition 2.3. A triple (R, P, σ) is called a braided (commutative) Rota-Baxter algebra of weight
λ, if (R, σ) is a braided (commutative) algebra and P is an endomorphism of R such that (R, P) is
a Rota-Baxter algebra of weight λ and σ(P ⊗ P) = (P ⊗ P)σ.
For two braided Rota-Baxter algebras (R, P, σ) and (R′, P′, σ′) of weight λ, a map f : R → R′ is
called a homomorphism of braided Rota-Baxter algebras, if f is a homomorphism of Rota-Baxter
algebras and of braided algebras.
One can refine the structure of braided Rota-Baxter algebras as follows [26, §7].
Definition 2.4. A triple (R, P, σ) is called a right (resp. left) weak braided (commutative) Rota-
Baxter algebra of weight λ, if (R, σ) is a braided (commutative) algebra and P is a Rota-Baxter
operator on R of weight λ such that
(4) σ(P ⊗ idR) = (idR ⊗ P)σ (resp. σ(idR ⊗ P) = (P ⊗ idR)σ).
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By [27, Proposition 3.4], a right weak braided Rota-Baxter algebra which is also a left weak
braided Rota-Baxter algebra is a braided Rota-Baxter algebra, which we call a strongly braided
Rota-Baxter algebra for distinction.
For a fixed λ ∈ k, let BCRλ denote the category of braided commutative unital Rota-Baxter
algebras of weight λ with their homomorphisms of braided Rota-Baxter algebras as morphisms.
Also letSCRλ denote the full subcategoy ofBCRλ consisting of all strongly braided commutative
unital Rota-Baxter algebras of weight λ. ThenSCRλ is included in the categorySCR
0
λ of strongly
braided commutative Rota-Baxter algebras (not necessarily unital).
2.2. Quantum quasi-shuffle algebras and free braided commutative Rota-Baxter algebras.
Given a unital commutative algebra A, the free commutative Rota-Baxter algebra on A, denoted
by Xk,λ(A) (or abbreviated as X(A)), is constructed as follows [20, 21]. As a k-module, we have
X(A) :=
⊕
i≥1
A⊗i = A ⊕ (A ⊗ A) ⊕ (A ⊗ A ⊗ A) ⊕ · · · .
To define the multiplication ⋄λ on X(A), take a = a0 ⊗ · · · ⊗ am ∈ A
⊗(m+1) and b = b0 ⊗ · · · ⊗ bn ∈
A⊗(n+1) with m, n ≥ 0. If mn = 0, define
(5) a ⋄λ b :=

(a0b0) ⊗ b1 ⊗ · · · ⊗ bn, m = 0, n > 0,
(a0b0) ⊗ a1 ⊗ · · · ⊗ am, m > 0, n = 0,
a0b0, m = n = 0.
If m > 0 and n > 0, then a ⋄λ b is defined recursively on m and n by
a ⋄λ b := (a0b0) ⊗
(
(a1 ⊗ · · · ⊗ am) ⋄λ (1A ⊗ b1 ⊗ · · · bn)
+ (1A ⊗ a1 ⊗ · · · ⊗ am) ⋄λ (b1 ⊗ · · · bn) + λ(a1 ⊗ · · · ⊗ am) ⋄λ (b1 ⊗ · · · bn)
)
.
(6)
The Rota-Baxter operator PX(A) on X(A) of weight λ is defined by
(7) PX(A)(x0 ⊗ · · · ⊗ xn) = 1A ⊗ x0 ⊗ · · · ⊗ xn.
We have the tensor product of algebras X(A) = A ⊗ X+(A), where X+(A) :=
⊕
i≥0
A⊗i is
equipped with the mixable shuffle product [21] which is identified with the quasi-shuffle prod-
uct [17, 20]. The algebra X+(A) (resp. X(A)) is called the (resp. augmented) mixable shuffle
Rota-Baxter algebra of weight λ, and X+(A) can be naturally embedded as the Rota-Baxter sub-
algebra 1A ⊗X
+(A) of X(A).
Next we consider the braided version of X(A) as in [27]. For this purpose, we introduce more
notations.
For any w ∈ Sn, we denote by T
σ
w the corresponding lift of w in the braid group Bn, defined
as follows: if w = si1 · · · sil is any reduced expression of w, then T
σ
w := σi1 · · ·σil . This definition
is well defined (see, e.g., Theorem 4.12 in [31]). When σ is the usual flip τ, it reduces to the
permutation action of Sn on V
⊗n, namely,
T τw(v1 ⊗ · · · ⊗ vn) = vw−1(1) ⊗ · · · ⊗ vw−1(n).
We also define β : T (V)⊗T (V) → T (V)⊗T (V) by requiring that, for i, j ≥ 1, the restriction βi j
of β to V⊗i⊗V⊗ j is Tσχi j ,where
χi j =
(
1 2 · · · i i + 1 i + 2 · · · i + j
j + 1 j + 2 · · · j + i 1 2 · · · j
)
∈ Si+ j.
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For convenience, we interpret β0i and βi0 as the identity map on V
⊗i. It is easy to verify the
following equalities of β on T (V):
(8) βm+n,k = (βmk ⊗ id
⊗n
V )(id
⊗m
V ⊗ βnk), βm,n+k = (id
⊗n
V ⊗ βmk)(βmn ⊗ id
⊗k
V ), m, n, k ≥ 0,
which will be used throughout the paper. For the convenience of constructions below, we also
introduce shuffles of permutations, as the set of shuffle representatives of Si+ j/(Si ×S j),
Si, j :=
{
w ∈ Si+ j
∣∣∣∣∣ w(1) < · · · < w(i)w(i + 1) < · · · < w(i + j)
}
.
In particular, let Si,0 = S0,i = {(1)} by convention.
Given a braided commutative unital k-algebra A with product µ and braiding σ, first we take
X
+
σ(A) := X
+
σ,k,λ(A) :=
⊕
i≥0
A⊗i,
equipped with the quantum quasi-shuffle algebra introduced in [29], with the product ∗σ,λ defined
recursively as a sum ∗σ =
∑
i, j≥0 ∗σ(i, j). Here the maps
∗σ(i, j) : V
⊗i⊗V⊗ j −→ X+σ(A)
are recursively defined by
1k ∗σ(0,0),λ 1k := 1k,
1k ∗σ(0, j),λ a := a ∗σ(i,0),λ 1k = a,
a ∗σ(i, j),λ b := (idA ⊗ ∗σ(i−1, j),λ)
(
id
⊗(i+ j)
A
+ idA ⊗ βi−1,1 ⊗ id
⊗( j−1)
A
)
(a ⊗ b)
+ λ(µ ⊗ ∗σ(i−1, j−1),λ)
(
idA ⊗ βi−1,1 ⊗ id
⊗( j−1)
A
)
(a ⊗ b),
(9)
where a ∈ A⊗i, b ∈ A⊗ j with i, j > 0.
Then let
Xσ,k,λ(A) := A ⊗X
+
σ,k,λ(A) =
⊕
i≥1
A⊗i,
abbreviated as Xσ(A) = A ⊗ X
+
σ(A). So its underlying space is the same as X(A), but with the
modified multiplication ⋄σ,λ from ⋄λ defined by
(10) a ⋄σ,λ b = (µ ⊗ ∗σ(m,n),λ)(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b),
for a ∈ A⊗(m+1), b ∈ A⊗(n+1) with m, n ≥ 0. Namely, (Xσ(A), ⋄σ,λ, β) is the braided tensor product
algebra of (A, µ, σ) and (X+σ(A), ∗σ,λ, β).
We note that when (A, µ, σ) is commutative, additional conditions are needed for (Xσ(A), ⋄σ,λ, β)
to be commutative. In fact, (Xσ(A), ⋄σ,λ, β) is commutative and β
2 = id⊗2
Xσ(A)
if and only if
σ2 = id⊗2A . See [4, Lemma 3] and [29, Theorem 15].
There is the canonical embedding
jA : A → Xσ(A), a 7→ a ⊗ 1k,
as braided algebras. Also, take the linear operator PX(A) on Xσ(A) from (7) but denote by PXσ(A)
for distinction. Then we have the following result.
Proposition 2.5. For any braided unital algebra (A, µ, σ), the quadruple
(Xσ(A), ⋄σ,λ, PXσ(A), β)
is a strongly braided unital Rota-Baxter algebra of weight λ.
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Proof. In fact by [27, Theorem 2.4, Example 3.2], (Xσ(A), ⋄σ,λ, PXσ(A), β) is a braided unital
Rota-Baxter algebra. So we further check conditions in (4) as follows. For a ∈ A⊗(m+1) and
b ∈ A⊗(n+1) with m, n ≥ 0,
β(PXσ(A) ⊗ idXσ(A))(a ⊗ b) = βm+2,n+1((1A ⊗ a) ⊗ b)
= (β1,n+1 ⊗ id
⊗(m+1)
A
)(idA ⊗ βm+1,n+1)(1A ⊗ a ⊗ b)
= (idXσ(A) ⊗ PXσ(A))β(a ⊗ b),
β(idXσ(A) ⊗ PXσ(A))(a ⊗ b) = βm+1,n+2(a ⊗ (1A ⊗ b))
= (idA ⊗ βm+1,n+1)(βm+1,1 ⊗ id
⊗(n+1)
A
)(a ⊗ 1A ⊗ b)
= (idA ⊗ βm+1,n+1)(1A ⊗ a ⊗ b)
= (PXσ(A) ⊗ idXσ(A))β(a ⊗ b),
where we have used equality (8) and condition (3). 
Now we are in the position to give our first main theorem, as a braided generalization of the
mixable shuffle (that is, quasi-shuffle) construction of free commutative Rota-Baxter algebras [21,
Theorem 4.1] recalled at the beginning of this subsection.
Theorem 2.6. For any braided commutative unital algebra (A, µ, σ) with σ2 = id⊗2A , the quadru-
ple (Xσ(A), ⋄σ,λ, PXσ(A), β) is the free object inSCRλ. More precisely, for any (R, PR, τ) in SCRλ
with braided algebra homomorphism ϕ : A → R, there exists a unique morphism ϕ¯ : Xσ(A) → R
in SCRλ such that the following commutative diagram holds,
A
ϕ

jA
// Xσ(A)
ϕ¯
{{
R
Proof. By Proposition 2.5, (Xσ(A), ⋄σ,λ, PXσ(A), β) is a strongly braided Rota-Baxter algebra of
weight λ. We also check that it is commutative when (A, µ, σ) is commutative and σ2 = id⊗2A . In
fact, for a ∈ A⊗(m+1) and b ∈ A⊗(n+1), m, n ≥ 0,
⋄σ,λβ(a ⊗ b) = (µ ⊗ ∗σ(n,m),λ)(idA ⊗ βn,1 ⊗ id
⊗m
A )βm+1,n+1(a ⊗ b)
= (µ ⊗ ∗σ(n,m),λ)((idA ⊗ βn,1)β1,n+1 ⊗ id
⊗m
A )(idA ⊗ βm,n+1)(a ⊗ b)
= (µ ⊗ ∗σ(n,m),λ)(β1,1 ⊗ id
⊗(m+n)
A
)(idA ⊗ βm,n+1)(a ⊗ b)
= (µ ⊗ ∗σ(n,m),λ)(β1,1 ⊗ βm,n)(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b)
= (µ ⊗ ∗σ(m,n),λ)(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b) = a ⋄σ,λ b,
where we use (8) and (10), also β2 = id⊗2
Xσ(A)
and ∗σ,λβ = ∗σ,λ when σ
2 = id⊗2A as in [29, Lemma
14, Theorem 15].
To verify the universal property of Xσ(A), fix a strongly braided commutative Rota-Baxter
algebra (R, PR, τ) and let ϕ : A → R be a braided algebra homomorphism. Define the linear map
ϕ¯ : Xσ(A) → R as follows. For a = a0 ⊗ · · · ⊗ am ∈ A
⊗(m+1), m ≥ 0, let
(11) ϕ¯(a) := ϕ(a0)PR(ϕ(a1)PR(ϕ(a2) · · · )).
In fact, one can derive it by induction on m. For m = 0, since we need ϕ¯ jA = ϕ, it requires
ϕ¯(a) = a for a ∈ A. For any a = a0 ⊗ a
′ ∈ A⊗(m+1), m > 0, we have a = a0 ⋄σ,λ PXσ(A)(a
′) and thus
ϕ¯(a) = ϕ¯(a0)ϕ¯(PXσ(A)(a
′)) = ϕ(a0)PR(ϕ¯(a
′)).
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That also implies the uniqueness of ϕ¯.
Next we check that such ϕ¯ : Xσ(A) → R just defined is a homomorphism of braided Rota-
Baxter algebras. First by the construction of ϕ¯, we have
ϕ¯(PXσ(A)(a)) = ϕ¯(1A ⊗ a) = ϕ(1A)PR(ϕ¯(a)) = PR(ϕ¯(a)).
Thus ϕ¯PXσ(A) = PRϕ¯.
For the commutativity of ϕ¯ with respect to the braidings, let a = a0 ⊗ a
′ ∈ A⊗(m+1), b = b0 ⊗ b
′ ∈
A⊗(n+1), m, n ≥ 0, and we prove the commutativity by induction on m + n. When m = n = 0, i.e.
a, b ∈ A, we have
(ϕ¯ ⊗ ϕ¯)β(a ⊗ b) = (ϕ ⊗ ϕ)σ(a ⊗ b) = σ(ϕ ⊗ ϕ)(a ⊗ b) = τ(ϕ¯ ⊗ ϕ¯)(a ⊗ b).
For m, n > 0, we get
τ(ϕ¯ ⊗ ϕ¯)(a ⊗ b) = τ(ϕ(a0)PR(ϕ¯(a
′)) ⊗ ϕ(b0)PR(ϕ¯(b
′)))
= (idR ⊗ µR)τ1τ2(ϕ(a0) ⊗ PR(ϕ¯(a
′)) ⊗ ϕ(b0)PR(ϕ¯(b
′)))
= (idR ⊗ µR)τ1(idR ⊗ µR ⊗ idR)τ3τ2(ϕ(a0) ⊗ PR(ϕ¯(a
′)) ⊗ ϕ(b0) ⊗ PR(ϕ¯(b
′)))
= (µR ⊗ µR)τ2τ1τ3τ2(ϕ(a0) ⊗ PR(ϕ¯(a
′)) ⊗ ϕ(b0) ⊗ PR(ϕ¯(b
′)))
= (µR ⊗ µR)(ϕ ⊗ PRϕ¯ ⊗ ϕ ⊗ PRϕ¯)β2β1β3β2(a0 ⊗ a
′ ⊗ b0 ⊗ b
′)
= (ϕ¯ ⊗ ϕ¯)β(a ⊗ b),
where we have used (2) for the second to fourth equalities, then (4) and the induction hypothesis
for the fifth one. If exactly one of m, n is 0, the situation is similar to check. Hence, we have
proved that τ(ϕ¯ ⊗ ϕ¯) = (ϕ¯ ⊗ ϕ¯)β.
To finish the proof, we need to prove the multiplicity of ϕ¯. Given a = a0 ⊗ a
′ ∈ A⊗(m+1), b =
b0 ⊗ b
′ ∈ A⊗(n+1), m, n ≥ 0, we prove the multiplicity by induction on m+ n. When m = n = 0, i.e.
a, b ∈ A, we have
ϕ¯(a ⋄σ,λ b) = ϕ¯(ab) = ϕ(ab) = ϕ(a)ϕ(b) = ϕ¯(a)ϕ¯(b).
If exactly one of m, n is 0, then
ϕ¯(a ⋄σ,λ b) = ϕ¯(ab0 ⊗ b
′) = ϕ(ab0)PR(ϕ¯(b
′)) = ϕ(a)ϕ(b0)PR(ϕ¯(b
′)) = ϕ¯(a)ϕ¯(b),
when m = 0, n > 0, and
ϕ¯(a ⋄σ,λ b) = µR(ϕ ⊗ PRϕ¯)(µ ⊗ id
⊗m
A )(idA ⊗ βm,1)(a ⊗ b)
= µR(µR ⊗ PR)(ϕ ⊗ ϕ ⊗ ϕ¯)(idA ⊗ βm,1)(a ⊗ b)
= µR(µR ⊗ PR)(idR ⊗ τ)(ϕ ⊗ ϕ¯ ⊗ ϕ)(a ⊗ b)
= µR(idR ⊗ µRτ)(idR ⊗ PR ⊗ idR)(ϕ ⊗ ϕ¯ ⊗ ϕ)(a ⊗ b)
= µR(idR ⊗ µR)(ϕ ⊗ PRϕ¯ ⊗ ϕ)(a ⊗ b) = ϕ¯(a)ϕ¯(b)
when m > 0, n = 0. Here we have used the commutativity of ϕ¯ with respect to the braidings for
the third equality, the associativity of µR together with condition (4) for the fourth one, and the
commutativity of µR for the fifth one.
For m, n > 0, first note that
a ⋄σ,λ b = ⋄σ(1,m+n+1),λ(idA ⊗ ⋄σ(m+1,n+1),λ)(µ ⊗ PA⊗m ⊗ PA⊗n)(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b)
by definition, with PA⊗i denoting the restriction of PXσ(A) to the subspace A
⊗i, i > 0. Therefore,
ϕ¯(a ⋄σ,λ b) = ϕ¯ ⋄σ(1,m+n+1),λ (idA ⊗ ⋄σ(m+1,n+1),λ)(µ ⊗ PA⊗m ⊗ PA⊗n)(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b)
= µR(ϕ ⊗ ϕ¯)(idA ⊗ ⋄σ(m+1,n+1),λ)(µ ⊗ PA⊗m ⊗ PA⊗n)(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b)
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= µR(µR ⊗ ϕ¯)(ϕ ⊗ ϕ ⊗ PXσ(A)⋄σ,λ)(id
⊗2
A ⊗ (PA⊗m ⊗ id
⊗n
A + id
⊗m
A ⊗ PA⊗n + λid
⊗m
A ⊗ id
⊗n
A ))
(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b)
= µR(µR ⊗ PR)(ϕ ⊗ ϕ ⊗ ϕ¯⋄σ,λ)(id
⊗2
A ⊗ (PA⊗m ⊗ id
⊗n
A + id
⊗m
A ⊗ PA⊗n + λid
⊗m
A ⊗ id
⊗n
A ))
(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b)
= µR(µR ⊗ PRµR)(ϕ ⊗ ϕ ⊗ ϕ¯ ⊗ ϕ¯)(id
⊗2
A ⊗ (PA⊗m ⊗ id
⊗n
A + id
⊗m
A ⊗ PA⊗n + λid
⊗m
A ⊗ id
⊗n
A ))
(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b)
= µR(µR ⊗ PRµR)(id
⊗2
R ⊗ (PR ⊗ idR + idR ⊗ PR + λid
⊗2
R ))(ϕ ⊗ ϕ ⊗ ϕ¯ ⊗ ϕ¯)
(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b)
= µR(µR ⊗ µR)(ϕ ⊗ ϕ ⊗ PRϕ¯ ⊗ PRϕ¯)(idA ⊗ βm,1 ⊗ id
⊗n
A )(a ⊗ b)
= µR(µR ⊗ µR)(idR ⊗ τ ⊗ idR)(ϕ ⊗ PRϕ¯ ⊗ ϕ ⊗ PRϕ¯)(a ⊗ b)
= µR(idR ⊗ µR)(idR ⊗ µRτ ⊗ idR)(ϕ ⊗ PRϕ¯ ⊗ ϕ ⊗ PRϕ¯)(a ⊗ b)
= µR(µR ⊗ µR)(ϕ ⊗ PRϕ¯ ⊗ ϕ ⊗ PRϕ¯)(a ⊗ b) = ϕ¯(a)ϕ¯(b),
where we have used the multiplicity of the previous case for the second equality, the multiplicity
of ϕ and the Rota-Baxter condition for the third one, the induction hypothesis for the fifth one,
and the commutativity of µR for the last one. 
Next we consider the free object over a braided commutative algebra (A, µ, σ) (not nesessarily
unital) in the category of braided communitative Rota-Baxter algebras. First let A¯ = A ⊕ k be the
augmented unital algebra of A with the natural embedding ιA : A → A¯, a 7→ (a, 0). Then A¯ is an
induced braided unital algebra with the braiding
σ((a, x) ⊗ (b, y)) = (ιA ⊗ ιA)σ(a ⊗ b) + (0, y) ⊗ (a, x) + (b, 0) ⊗ (0, x),
for a, b ∈ A and x, y ∈ k. Referring to the construction in [22] , we define
X
0
σ(A) :=
⊕
i≥0
A¯⊗i ⊗ A.
It is easy to check that X0σ(A) is a braided commutative Rota-Baxter subalgebra of Xσ(A¯), with
jA : A → X
0
σ(A) as a restriction of the original embedding jA¯ to A.
As a braided version of [22, Proposition 2.6], we have
Proposition 2.7. For any braided commutative algebra (A, µ, σ) with σ2 = id⊗2A , the quadruple
(X0σ(A), ⋄σ,λ, PXσ(A¯), β) satisfies a universal property similar to Theorem 2.6: for any (R, PR, τ) ∈
SCR
0
λ with braided algebra homomorphism ϕ : A → R, there exists a unique morphism ϕ¯ :
X
0
σ(A) → R in SCR
0
λ such that ϕ = ϕ¯ jA.
Proof. We only need to check the existence and uniqueness of the morphism ϕ¯. It can be con-
structed as in (11). For any a = a0 ⊗ a1 ⊗ · · · ⊗ am ∈ A¯
⊗m ⊗ A, m ≥ 0, we define ϕ¯(a) by induction
on m. If m = 0, then a ∈ A, and we need ϕ¯(a) = ϕ(a). For m > 0, denote a = (a′0, x) ∈ A¯ and
define
ϕ¯(a) = (ϕ(a′0) + xidR)PR(ϕ¯(a1 ⊗ · · · ⊗ am)).
In fact, as ϕ¯ is required to be a homomorphism of braided Rota-Baxter algebras, there is
ϕ¯(a) = ϕ¯((a′0, 0) ⋄σ,λ ((0, 1k) ⊗ a1 ⊗ · · · ⊗ am) + (0, x) ⊗ a1 ⊗ · · · ⊗ am)
= (ϕ¯((a′0, 0)) + xidR)ϕ¯(PXσ(A¯)(a1 ⊗ · · · ⊗ am)) = (ϕ(a
′
0) + xidR)PR(ϕ¯(a1 ⊗ · · · ⊗ am)).
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Thus this is the only way to define the desired homomorphism ϕ¯. On the other hand, the condition
that ϕ¯ is a homomorphism in SCR0λ such that ϕ = ϕ¯ ◦ jA is guaranteed by its augmented unital
case in Theorem 2.6. 
It is interesting to further consider the realization of the free object in BCRλ consisting of
braided commutative unital Rota-Baxter algebras of weight λ.
Let SCA be the category of braided commutative unital algebras with symmetric braidings,
and F : SCRλ → SCA be the forgetful functor ignoring the Rota-Baxter operators. Then the
functor Xσ,λ : SCA→ SCRλ is just the left adjoint functor to F by Theorem 2.6, that is,
HomSCA(A, F(R))  HomSCRλ(Xσ,λ(A),R).
Analogously, letSCA0 be the category of braided commutative algebras (not necessarily unital)
with symmetric braidings. Then the corresponding forgetful functor F0 : SCR0λ → SCA
0 has its
left adjoint functor X0
σ,λ
: SCA0 → SCR0λ by Proposition 2.7, that is,
Hom
SCA
0(A, F0(R))  Hom
SCR
0
λ
(X0σ,λ(A),R).
Note thatSCA is not a full subcategory ofSCA0. That is because the homomorphisms inSCA
preserve units, whereas those inSCA0 are free of this restriction. Hence, for free objects Xσ,λ(A)
andX0
σ,λ
(A) over a braided commutative unital algebra (A, µ, σ), the second one is larger than the
first one.
3. Quantum shuffle algebras and free braided commutative dendriform algebras
In this section we introduce the notion of a braided dendriform algebra and show that, under
the symmetric condition of the braiding, quantum shuffle algebras gives free braided dendriform
algebras.
We first recall the well-known notion of a dendriform algebra of Loday [34].
Definition 3.1. A triple (D,≺,≻) is called a dendriform algebra if D is a k-module with two
binary operations ≺,≻ satisfying the relations
(x ≺ y) ≺ z = x ≺ (y ≺ z + y ≻ z),(12)
(x ≻ y) ≺ z = x ≻ (y ≺ z),(13)
x ≻ (y ≻ z) = (x ≺ y + x ≻ y) ≻ z,(14)
for x, y, z ∈ D. Moreover, a dendriform algebra D is called commutative if x ≺ y = y ≺ x for any
x, y ∈ D, when it is also called a Zinbiel algebra.
For two dendriform algebras (D,≺,≻) and (D′,≺′,≻′), a map f : D → D′ is called a homo-
morphism of dendriform algebras if f is a linear homomorphism such that f ≺=≺′ ( f ⊗ f ) and
f ≻=≻′ ( f ⊗ f ).
Next we introduce the braided analogue of dendriform algebras.
Definition 3.2. A triple (D,≺,≻, σ) is called a braided dendriform algebra if (D, σ) is a braided
vector space and (D,≺,≻) is a dendriform algebra such that
σ(idD⊗ ≺) = (≺ ⊗idD)σ2σ1, σ(≺ ⊗idD) = (idD⊗ ≺)σ1σ2,(15)
σ(idD⊗ ≻) = (≻ ⊗idD)σ2σ1, σ(≻ ⊗idD) = (idD⊗ ≻)σ1σ2.(16)
A braided dendriform algebra D is called commutative, if ≺ σ =≻ and ≻ σ =≺.
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For two braided dendriform algebras (D,≺,≻, σ) and (D′,≺′,≻′, σ′), a map f : D → D′ is
called a homomorphism of braided dendriform algebras, if f is a homomorphism of dendriform
algebras and ( f ⊗ f )σ = σ′( f ⊗ f ).
For any braided dendriform algebra (D,≺,≻, σ), the operator ⋆ :=≺ + ≻ makes (D, ⋆) a
braided algebra, giving a splitting of ⋆ in the sense of [7, 33].
Now we generalize [1, 15] to the following braided situation.
Proposition 3.3. Given any strongly braided Rota-Baxter algebra (R, µ, P, σ) of weight λ, define
the operators
≺P:= µ
(
idR ⊗ P + λid
⊗2
R
)
, ≻P:= µ(P ⊗ idR).
Then (R,≺P,≻P, σ) is a braided dendriform algebra. If R is commutative with λ = 0, then (R,≺P
,≻P, σ) is even a braided commutative dendriform algebra.
Proof. By [15], we already know that (R,≺P,≻P) is a dendriform algebra. Now we only need to
prove its compatibility with σ. For condition (15), we have
σ(idR⊗ ≺P) = σ(idR ⊗ µ)
(
id⊗2R ⊗ P + λid
⊗3
R
)
= (µ ⊗ idR)σ2σ1
(
id⊗2R ⊗ P + λid
⊗3
R
)
= (µ ⊗ idR)
(
idR ⊗ P ⊗ idR + λid
⊗3
R
)
σ2σ1 = (≺P ⊗idR)σ2σ1,
σ(≺P ⊗idR) = σ(µ ⊗ idR)
(
idR ⊗ P ⊗ idR + λid
⊗3
R
)
= (idR ⊗ µ)σ1σ2
(
idR ⊗ P ⊗ idR + λid
⊗3
R
)
= (idR ⊗ µ)
(
id⊗2R ⊗ P + λid
⊗3
R
)
σ1σ2 = (idR⊗ ≺P)σ1σ2,
by identities (2) and (4). The compatibility condition (16) between ≻P and σ is similar to check.
When R is commutative with λ = 0, then µσ = µ and thus
≺P σ = µ(idR ⊗ P)σ = µσ(P ⊗ idR) = µ(P ⊗ idR) =≻P .
Similarly ≻P σ =≺P. Hence, (R,≺P,≻P, σ) is a braided commutative dendriform algebra. 
Corollary 3.4. For any braided unital algebra (A, µ, σ) and λ ∈ k, we have the braided dendri-
form algebra (Xσ(A),≺P,≻P, β) defined by
≺P:= ⋄σ,λ
(
idXσ(A) ⊗ PXσ(A) + λid
⊗2
Xσ(A)
)
, ≻P:= ⋄σ,λ(PXσ(A) ⊗ idXσ(A)).
Moreover, if A is commutative with σ2 = id⊗2A and λ = 0, then (Xσ(A),≺P,≻P, β) is also commu-
tative.
Proof. By Proposition 2.5, the quadruple (Xσ(A), ⋄σ,λ, PXσ(A), β) is a strongly braided Rota-
Baxter algebra of weight λ. It is also commutative if A is commutative with σ2 = id⊗2A according
to Theorem 2.6. Then by Proposition 3.3, it induces the desired braided dendriform algebra
structure (Xσ(A),≺P,≻P, β), which is moreover commutative under the condition λ = 0. 
For any vector space V , equip the tensor space T (V) :=
⊕
i≥0
V⊗i with the shuffle product X
defined recursively by
uX1k = 1kX u = u,
uX v = u1 ⊗ (u
′
X v) + v1 ⊗ (uX v
′),
where u = u1 ⊗ u
′ ∈ V⊗m, v = v1 ⊗ v
′ ∈ V⊗n for m, n > 0. Then (T (V),X) is the usual shuffle
algebra [30]. Following Loday [33], in the subalgebra T+(V) =
⊕
i≥1
V⊗i, one can “split” X into
a sum X =≺V + ≻V by defining
u ≺V v = u1 ⊗ (u
′
X v), u ≻V v = v1 ⊗ (uX v
′).
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Proposition 3.5. [33] The triple (T+(V),≺V ,≻V) is the free commutative dendriform algebra over
V.
For any braided vector space (V, σ), we have the quantum shuffle algebra (Tσ(V),Xσ, β) intro-
duced in [40]. Here Tσ(V) has T (V) as its underlying space, but with quantum shuffle product
Xσ defined recursively as a sum Xσ =
∑
i, j≥0 Xσ(i, j) with Xσ(i, j) sending V
⊗i⊗V⊗ j to V⊗(i+ j). It is
just the quantum quasi-shuffle product ∗σ(i, j) in (9) when λ = 0. More precisely, for m, n > 0 and
u ∈ V⊗m, v ∈ V⊗n, we have
uXσ(m,0)1k = 1kXσ(0,m) u = u,
uXσ(m,n) v :=
(
idV ⊗ Xσ(m−1,n) + (idV ⊗ Xσ(m,n−1))
(
βm,1 ⊗ id
⊗(n−1)
V
))
(u ⊗ v).
The quantum shuffle algebra Tσ(V) also has a braided subalgebra on the subspace T
+
σ(V) =⊕
i≥1
V⊗i of Tσ(V). There we can split Xσ into a sum Xσ =≺σ + ≻σ by recursively defining
u ≺σ v := (idV ⊗ Xσ(m−1,n))(u ⊗ v), u ≻σ v := (idV ⊗ Xσ(m,n−1))
(
βm,1 ⊗ id
⊗(n−1)
V
)
(u ⊗ v),(17)
for u ∈ V⊗m, v ∈ V⊗n, m, n > 0. Then we obtain
Theorem 3.6. The quadruple (T+σ(V),≺σ,≻σ, β) is a braided dendriform algebra, which is com-
mutative when σ2 = id⊗2V .
Proof. First it is easy to check that (T+σ(V),≺σ,≻σ) remains a dendriform algebra by the associa-
tivity of quantum shuffle product Xσ as shown in [27, Theorem 2.8]. So we only need to check
the compatibility conditions (15), (16). For u ∈ V⊗m, v ∈ V⊗n,w ∈ V⊗l, if at least one of m, n, l is
0, the conditions are easy to check. Otherwise, suppose that m, n, l > 0, then
β(≺σ ⊗ idTσ(V))(u ⊗ v ⊗ w) = βm+n,l((u ≺σ v) ⊗ w)
= T
χm+n,l
σ
idV ⊗
∑
w∈Sm−1,n
Twσ ⊗ id
⊗l
V
 (u ⊗ v ⊗ w)
=
id⊗(l+1)V ⊗
∑
w∈Sm−1,n
Twσ
 T χm+n,lσ (u ⊗ v ⊗ w)
=
id⊗(l+1)V ⊗
∑
w∈Sm−1,n
Twσ
 (T χm,lσ ⊗ id⊗nV )(id⊗mV ⊗ T χn,lσ )(u ⊗ v ⊗ w)
= (idTσ(V)⊗ ≺σ)(β ⊗ idTσ(V))(idTσ(V) ⊗ β)(u ⊗ v ⊗ w)
by (8). On the other hand,
β(idTσ(V)⊗ ≺σ)(u ⊗ v ⊗ w) = βm,n+l(u ⊗ (v ≺σ w))
= T
χm,n+l
σ
id⊗(m+1)V ⊗
∑
w∈Sn−1,l
Twσ
 (u ⊗ v ⊗ w)
=
idV ⊗
∑
w∈Sn−1,l
Twσ ⊗ id
⊗m
V
 T χm,n+lσ (u ⊗ v ⊗ w)
BRAIDED ROTA-BAXTER, QUANTUM QUASI-SHUFFLE AND DENDRIFORM ALGEBRAS 13
=
idV ⊗
∑
w∈Sn−1,l
Twσ ⊗ id
⊗m
V
 (id⊗nV ⊗ T χm,lσ )(T χm,nσ ⊗ id⊗lV )(u ⊗ v ⊗ w)
= (≺σ ⊗idTσ(V))(idTσ(V) ⊗ β)(β ⊗ idTσ(V))(u ⊗ v ⊗ w).
This proves condition (15). The verification of condition (16) is similar.
To finish the proof, we show that T+σ(V) is commutative as a dendriform algebra when σ
2 =
id⊗2V . Actually in this case (T
+
σ(V),Xσ, β) is a braided commutative algebra and β
2 = id⊗2
T+σ (V)
by
[29, Lemma 14, Theorem 15]. For u ∈ V⊗m, v ∈ V⊗n, m, n > 0, we have
≺σ β(u ⊗ v) = (idV ⊗ Xσ(n−1,m))βmn(u ⊗ v)
= (idV ⊗ Xσ(m,n−1))(idV ⊗ βn−1,m)(idV ⊗ βm,n−1)(βm,1 ⊗ id
⊗(n−1)
V
)(u ⊗ v)
= (idV ⊗ Xσ(m,n−1))(βm,1 ⊗ id
⊗(n−1)
V
)(u ⊗ v) = u ≻σ v,
≻σ β(u ⊗ v) = (idV ⊗ Xσ(n,m−1))(βn,1 ⊗ id
⊗(m−1)
V
)βmn(u ⊗ v)
= (idV ⊗ Xσ(m−1,n))(idV ⊗ βn,m−1)(βn,1 ⊗ id
⊗(m−1)
V
)βmn(u ⊗ v)
= (idV ⊗ Xσ(m−1,n))βnmβmn(u ⊗ v) = u ≺σ v,
since Xσ(i, j) = Xσ( j,i)βi j and βi j = (idV ⊗ βi, j−1)(βi,1 ⊗ id
⊗( j−1)
V
). 
Let BCD be the category of braided commutative dendriform algebras with their homomor-
phisms of braided dendriform algebras as the morphisms. Consider the natural inclusion
jV : V → T
+
σ(V), v 7→ v,
then we have the following theorem as a braided generalization of Proposition 3.5.
Theorem 3.7. For any braided space (V, σ) with σ2 = id⊗2V , the quadruple (T
+
σ(V),≺σ,≻σ, β)
is the free object in BCD. More precisely, for any (D,≺,≻, τ) in BCD with homomorphism
ψ : V → D of braided vector spaces, there exists a unique morphism ψ¯ : T+σ(V) → D in BCD
such that the following commutative diagram holds:
V
ψ

jV
// T+σ(V)
ψ¯||
D
Proof. By Theorem 3.6, T+σ(V) is a braided commutative dendriform algebra when σ
2 = id⊗2A . It
remains to verify its universal property as stated in the theorem.
Let (D,≺,≻, τ) be a braided commutative dendriform algebra and ψ : V → D be a homomor-
phism of braided vector spaces. First note that for u = u1 ⊗ u
′ = u1 ⊗ · · · ⊗ um ∈ V
⊗m, we can
rewrite
(18) u = u1 ≺σ (u2 ≺σ · · · ) = u1 ≺σ u
′ = u1 ≻
β
σ u
′ =≻σ(m,1) β1,m(u1 ⊗ u
′),
where the third equality is due to the commutativity of T+σ(V), making ≻
β
σ:=≻σ β =≺σ. Therefore,
in order to define the desired homomorphism ψ¯ : T+σ(V) → D of braided dendriform algebras, we
must have
(19) ψ¯(u) = ψ¯(u1 ≺σ u
′) = ψ¯(u1) ≺ ψ¯(u
′) = ψ(u1) ≺ ψ¯(u
′) = · · · = ψ(u1) ≺ (ψ(u2) ≺ · · · ).
This gives our definition of ψ¯, and also shows its uniqueness.
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Nowwe show that ψ¯ is indeed a homomorphism of braided dendriform algebras. We first check
(ψ¯ ⊗ ψ¯)β(u ⊗ v) = τ(ψ¯ ⊗ ψ¯)(u ⊗ v)
for u ∈ V⊗(m+1), v ∈ V⊗(n+1), m, n ≥ 0 by induction on m + n. When m = n = 0, it is the
commutativity between ψ and the braidings. When exactly one of m, n is 0, we use (8), (15) and
(19) to see that
(ψ¯ ⊗ ψ¯)β(u ⊗ v) = (ψ¯ ⊗ ψ)β1,n+1(u ⊗ v) = (≺ (ψ ⊗ ψ¯) ⊗ ψ)β1,n+1(u ⊗ v)
= (≺ ⊗idD)(ψ ⊗ ψ¯ ⊗ ψ)(idV ⊗ β1,n)(β1,1 ⊗ id
⊗n
V )(u ⊗ v)
= (≺ ⊗idD)τ2τ1(ψ ⊗ ψ ⊗ ψ¯)(u ⊗ v) = τ(idD⊗ ≺)(ψ ⊗ ψ ⊗ ψ¯)(u ⊗ v) = τ(ψ¯ ⊗ ψ¯)(u ⊗ v),
if m = 0, n > 0, while the case of m > 0, n = 0 is similar to check. For m, n > 0, we have
(ψ¯ ⊗ ψ¯)β(u ⊗ v) = (≺ (ψ ⊗ ψ¯)⊗ ≺ (ψ ⊗ ψ¯))βm+1,n+1(u ⊗ v)
= (≺ ⊗ ≺)(ψ ⊗ ψ¯ ⊗ ψ ⊗ ψ¯)(idV ⊗ βm+1,n)(βm+1,1 ⊗ id
⊗n
V )(u ⊗ v)
= (≺ ⊗ ≺)(ψ ⊗ ψ¯ ⊗ ψ ⊗ ψ¯)(idV ⊗ β1,n ⊗ id
⊗m
V )(id
⊗2
V ⊗ βm,n)(βm+1,1 ⊗ id
⊗n
V )(u ⊗ v)
= (≺ ⊗ ≺)τ2(ψ ⊗ ψ ⊗ ψ¯ ⊗ ψ¯)(id
⊗2
V ⊗ βm,n)(βm+1,1 ⊗ id
⊗n
V )(u ⊗ v)
= (≺ ⊗ ≺)τ2τ3(ψ ⊗ ψ ⊗ ψ¯ ⊗ ψ¯)(βm+1,1 ⊗ id
⊗n
V )(u ⊗ v)
= (≺ ⊗ ≺)τ2τ3(ψ ⊗ ψ ⊗ ψ¯ ⊗ ψ¯)(β1,1 ⊗ id
⊗(m+n)
V
)(idV ⊗ βm,1 ⊗ id
⊗n
V )(u ⊗ v)
= (≺ ⊗ ≺)τ2τ3τ1(ψ ⊗ ψ ⊗ ψ¯ ⊗ ψ¯)(idV ⊗ βm,1 ⊗ id
⊗n
V )(u ⊗ v)
= (≺ ⊗idD)τ2(idD⊗ ≺ ⊗idD)τ1τ2(ψ ⊗ ψ¯ ⊗ ψ ⊗ ψ¯)(u ⊗ v)
= (≺ ⊗idD)τ2τ1(≺ ⊗id
⊗2
D )(ψ ⊗ ψ¯ ⊗ ψ ⊗ ψ¯)(u ⊗ v)
= τ(idD⊗ ≺)(≺ ⊗id
⊗2
D )(ψ ⊗ ψ¯ ⊗ ψ ⊗ ψ¯)(u ⊗ v) = τ(ψ¯ ⊗ ψ¯)(u ⊗ v).
Here we have used (19) for the first equality, (8) for the second and third equalities, the commu-
tativity between ψ¯ and the braidings for the fourth to seventh equalities, also (15) for the eighth
to tenth ones.
Finally, we check the multiplicity of ψ¯ by induction on m + n. When m, n = 0, it is the
multiplicity of ψ. When exactly one of m, n is 0, it can be obtained by (18) and (19). For m, n > 0,
ψ¯(u) ≺ ψ¯(v) =
(
ψ(u1) ≺ ψ¯(u
′)
)
≺ ψ¯(v) = ψ(u1) ≺
(
ψ¯(u′) ≺ ψ¯(v) + ψ¯(u′) ≻ ψ¯(v)
)
= ψ(u1) ≺
(
ψ¯(u′ ≺σ v) + ψ¯(u
′ ≻σ v)
)
= ψ(u1) ≺ ψ¯(u
′
Xσv)
= ψ¯(u1 ≺σ (u
′
Xσv)) = ψ¯(u1 ⊗ (u
′
Xσv)) = ψ¯(u ≺σ v),
where the first and fifty equalities are due to (19), the third one is obtained by the induction
hypothesis. Then
ψ¯(u) ≻ ψ¯(v) = ψ¯(u) ≺τ ψ¯(v) =≺ τ(ψ¯ ⊗ ψ¯)(u ⊗ v) =≺ (ψ¯ ⊗ ψ¯)β(u ⊗ v)
= ψ¯ ≺σ β(u ⊗ v) = ψ¯(u ≺
β
σ v) = ψ¯(u ≻σ v),
where we use the commutativity of D for the first equality, the commutativity between ψ¯ and the
braidings for the third one, and (18) for the last one. 
Remark 3.8. Let SVS be the category of braided vector spaces with symmetric braidings and
F : BCD → SVS be the forgetful functor ignoring the dendriform algebra structures. Then
functor T+σ : SVS→ BCD is just the left adjoint to F by Theorem 3.7, that is,
HomSVS(V, F(D))  HomBCD(T
+
σ(V),D).
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4. The braided dendriform Hopf algebra of quantum shuffle
Ronco introduced the dendriform Hopf algebra structure in [38]. Here we modify it (by an
opposite of ∆˜) to give
Definition 4.1. A quadruple (H,≺,≻, ∆˜) is called a dendriform Hopf algebra if (H,≺,≻) is a
dendriform algebra equipped with a coassociative k-linear map ∆˜ : H → H ⊗ H such that
∆˜(a ≺ b) =
∑
a′ ≺ b′ ⊗ a′′ ⋆ b′′ + a′ ≺ b ⊗ a′′ + a′ ⊗ a′′ ⋆ b + a ≺ b′ ⊗ b′′ + a ⊗ b,
∆˜(a ≻ b) =
∑
a′ ≻ b′ ⊗ a′′ ⋆ b′′ + a′ ≻ b ⊗ a′′ + b′ ⊗ a ⋆ b′′ + a ≻ b′ ⊗ b′′ + b ⊗ a
for any a, b ∈ H, where we have used the notations a ⋆ b = a ≺ b + a ≻ b and ∆˜(a) =
∑
a′ ⊗ a′′.
In fact, for a dendriform Hopf algebra (H,≺,≻, ∆˜), its augmented space H¯ = H ⊕ k becomes a
bialgebra (H¯, µ,∆, ε) defined by
1kx = x1k = x, xy = x ⋆ y,
∆(1k) = 1k ⊗ 1k, ∆(x) = x ⊗ 1k + 1k ⊗ x + ∆˜(x),
ε(1k) = 1k, ε(x) = 0,
for any x, y ∈ H. In particular, if H has a graded space structure compatible with ∆˜, then H¯ is a
graded connected Hopf algebra.
It is natural to expect that there exists a braided version of dendriform Hopf algebras combining
dendriform Hopf algebras with braided algebras.
Definition 4.2. A quintuple (H,≺,≻, ∆˜, σ) is called a braided dendriform Hopf algebra if (H,≺
,≻, σ) is a braided dendriform algebra equipped with a coassociative coproduct ∆˜ : H → H ⊗ H
such that
∆˜ ≺= (≺ ⊗⋆)σ2(∆˜ ⊗ ∆˜) + (idH ⊗ ⋆ + (≺ ⊗idH)σ2)(∆˜ ⊗ idH) + (≺ ⊗idH)(idH ⊗ ∆˜) + id
⊗2
H ,(20)
∆˜ ≻= (≻ ⊗⋆)σ2(∆˜ ⊗ ∆˜) + (≻ ⊗idH)σ2(∆˜ ⊗ idH) + (≻ ⊗idH + (idH ⊗ ⋆)σ1)(idH ⊗ ∆˜) + σ.(21)
Consequently, the augmented space H¯ = H ⊕ k of a braided dendriform Hopf algebra (H,≺,≻
, ∆˜, σ) becomes a braided bialgebra (H¯, µ,∆, ε) with µ :=≺ + ≻.
Define the deconcatenation map on Tσ(V),
∆ : Tσ(V) → Tσ(V)
⊗2, v1 ⊗ · · · ⊗ vn 7→
n∑
i=0
(v1 ⊗ · · · ⊗ vi)⊗ (vi+1 ⊗ · · · ⊗ vn), n ≥ 0,
and its reduced one on T+σ(V),
∆¯ : T+σ(V) → T
+
σ(V)
⊗2, v1 ⊗ · · · ⊗ vn 7→
n−1∑
i=1
(v1 ⊗ · · · ⊗ vi)⊗ (vi+1 ⊗ · · · ⊗ vn), n > 0,
with ∆¯(v) = 0 for all v ∈ V . Also, Tσ(V) has the counit map ε such that
ε(1k) = 1k and ε(v1 ⊗ · · · ⊗ vn) = 0, n > 0.
By [39, Proposition 1.3], the free commutative dendriform algebra (T+(V),≺V ,≻V) equipped
with the reduced deconcatenation map ∆¯ is a graded dendriform Hopf algebra. In particular,
the shuffle algebra (T (V),X,∆) is a graded connected Hopf algebra. Now we give the braided
analogue of this result.
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Theorem 4.3. For a braided vector space (V, σ), the sextuple (T+σ(V),≺σ,≻σ, ∆¯, ε, β) is a braided
dendriform Hopf algebra.
Proof. First by Theorem 3.6, the quadruple (T+σ(V),≺σ,≻σ, β) is a braided dendriform algebra.
We only need to check that the compatibility conditions (20) and (21) hold. It is a well-known
fact that the quantum shuffle algebra (Tσ(V),Xσ,∆, ε, β) is a braided (also graded connected)
Hopf algebra [28, §3], [40]. In particular,
∆Xσ = (Xσ ⊗ Xσ)β2∆,
which is due to the following decomposition of shuffle set Sk,n−k for any fixed 0 ≤ k, l ≤ n,
Sk,n−k =
⋃
0≤i≤k
0≤ j≤n−k
i+ j=l
(Si j ×Sk−i,n−k− j)τ
i j
kn
,
where τ
i j
kn
∈ Sn is defined by
τ
i j
kn
(p) =

p, if 1 ≤ p ≤ i or k + j + 1 ≤ p ≤ n,
p + j, if i + 1 ≤ p ≤ k,
p − k + i, if k + 1 ≤ p ≤ k + j.
On the other hand, we have the disjoint union
Sk,n−k = S
1
k,n−k ∪S
2
k,n−k,
where S1
k,n−k
= {w ∈ Sk,n−k |w(1) = 1} and S
2
k,n−k
= {w ∈ Sk,n−k |w(k + 1) = 1}. Furthermore, the
subsets S1
k,n−k
and S2
k,n−k
of Sk,n−k also have decompositions
S
1
k,n−k =
⋃
0<i≤k
0≤ j≤n−k
i+ j=l
(S1i j ×Sk−i,n−k− j)τ
i j
kn
, S2k,n−k =
⋃
0≤i≤k
0< j≤n−k
i+ j=l
(S2i j ×Sk−i,n−k− j)τ
i j
kn
,
for any fixed 0 ≤ k, l ≤ n. These two decomposition formulas correspond to conditions (20) and
(21) for T+σ(V) respectively. 
5. Universal enveloping algebras of braided commutative dendriform algebras
The functor found by Aguiar [1] from the category of Rota-Baxter algebras to dendriform al-
gebras has its left adjoint functor giving universal enveloping Rota-Baxter algebras of dendriform
algebras. The universal enveloping Rota-Baxter algebra of a dendriform algebra was first studied
in [16]. We first recall its definition.
Definition 5.1. Fix λ ∈ k. For a dendriform algebra (D,≺,≻), its universal enveloping Rota-
Baxter algebra of weight λ is a Rota-Baxter algebra URB(D) := URB,λ(D) with a dendriform
algebra homomorphism ρ : D → URB(D) such that, for any Rota-Baxter algebra R of weight λ
and dendriform algebra homomorphism f : D → R, there exists a unique Rota-Baxter algebra
homomorphism f¯ : URB(D) → R such that f = f¯ρ.
Considering all objects in Definition 5.1 to the braided framework, it gives the notion of the
braided universal enveloping Rota-Baxter algebra of a braided dendriform algebra. Indeed by
Proposition 3.3, there is a functor from the category of strongly braided Rota-Baxter algebras
to braided dendriform algebras. Naturally we expect that its left adjoint functor gives universal
objects associated to braided dendriform algebras in the category of strongly braided Rota-Baxter
algebras.
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In order to construct URB(D) for a braided commutative dendriform algebra D, we first recall
the quantum symmetric algebra
S (V) := Tσ(V)/(ker(σ + id
⊗2
V ))
on a braided vector space (V, σ). Also let S +(V) := T+σ(V)/(ker(σ+ id
⊗2
V )). Obviously the braiding
β on Tσ(V) induces a braiding on S (V), also denoted by β. Equipped with the usual concatenation
product ·, (S (V), ·, β) becomes a braided unital algebra by (8), while (S +(V), ·, β) is nonunital. If
σ is symmetric, then (S (V), ·, β) is also (braided) commutative.
Furthermore, it is easy to check that the quantum symmetric algebra has the following universal
property; see also [13, Theorem 4.2] for coboundary category settings. For any braided commuta-
tive unital algebra (A, µ, τ) with a braided vector space homomorphism f : (V, σ) → (A, τ), there
exists a unique homomorphism f˜ : (S (V), ·, β) → (A, µ, τ) of braided algebras such that f = f˜ iV ,
where iV : V → S (V) is the natural inclusion. Hence, for the category of braided commutative
algebras (not necessarily unital), the free object over V becomes (S +(V), ·, β) if σ is symmetric.
Now we give the following braided commutative analogue of [16, Theorem 3.5].
Theorem 5.2. For a braided commutative dendriform algebra (D,≺D,≻D, σ) with σ
2 = id⊗2D , the
braided universal enveloping commutative Rota-Baxter algebra URB(D) is given by
(X0σ(S
+(D))/JRB, ⋄σ,0, PD, β),
where JRB is the Rota-Baxter ideal of X
0
σ(S
+(D)) generated by x ≺D y− x ⋄σ,0 PD(y) for x, y ∈ D.
Here the Rota-Baxter operator ofX0σ(S
+(D)), and its induced one onX0σ(S
+(D))/JRB are written
as PD for short.
Proof. By Proposition 2.7, we know that the quadruple
(X0σ(S
+(D)), ⋄σ,0, PD, β)
is the free braided commutative Rota-Baxter algebra of weight 0 over S +(D) in SCR0λ.
Since (X0σ(S
+(D)), ⋄σ,0, PD, β) is a braided commutative Rota-Baxter subalgebra ofXσ(S (D)),
we also know that (X0σ(S
+(D)),≺PD ,≻PD, β) is a braided commutative dendriform subalgebra of
it by Corollary 3.4, with
a ≺PD b = a ⋄σ,0 PD(b), a ≻PD b = PD(a) ⋄σ,0 b, a, b ∈ X
0
σ(S
+(D)).
Next we show that the braiding β stabilizes the tensor subspace
JRB ⊗X
0
σ(S
+(D)) +X0σ(S
+(D)) ⊗ JRB,
thus inducing a braiding on X0σ(S
+(D))/JRB. By condition (2), we only need to prove that the
images under β of the elements
(x ≺D y − x ≺PD y) ⊗ a and a ⊗ (x ≺D y − x ≺PD y),
for all x, y ∈ D and a ∈ X0σ(S
+(D)) still lie in this subspace. Indeed, using conditions (15) and
(16), we have
β((x ≺D y − x ≺PD y) ⊗ a) = β
(
(≺D − ≺PD) ⊗ idX0σ(S +(D))
)
(x ⊗ y ⊗ a)
=
(
id
X
0
σ(S
+(D))
⊗ (≺D − ≺PD)
)
β1β2(x ⊗ y ⊗ a),
β(a⊗(x ≺D y − x ≺PD y)) = β
(
id
X
0
σ(S
+(D))
⊗ (≺D − ≺PD)
)
(a ⊗ x ⊗ y)
=
(
(≺D − ≺PD) ⊗ idX0σ(S +(D))
)
β2β1(a ⊗ x ⊗ y).
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Together with condition (4), it indicates that JRB ⊗ X
0
σ(S
+(D)) and X0σ(S
+(D)) ⊗ JRB are inter-
changed with each other under β. As a result, we have proved that (X0σ(S
+(D))/JRB, ⋄σ,0, PD, β)
is a braided commutative Rota-Baxter (thus dendriform) quotient algebra of X0σ(S
+(D)).
Furthermore, elements
x ≻D y − x ≻PD y, x, y ∈ D,
also lie in JRB by the compatibility of the dendriform algebra structures on D and X
0
σ(S
+(D)).
Consequently, we can abuse the notation and abbreviate≺PD as ≺D and ≻PD as ≻D inX
0
σ(S
+(D))/JRB.
It remains to prove the universal property. Suppose that (R, µ, P, τ) is a braided commutative
Rota-Baxter algebra such that f : D → R is a homomorphism of dendriform algebras. First by
the universal property of S +(D), there exists a unique homomorphism f˜ : S +(D) → R of braided
algebras such that f = f˜ iD. Then by the universal property of X
0
σ(S
+(D)), there exists a unique
homomorphism fˆ : X0σ(S
+(D)) → R of braided Rota-Baxter algebras such that f˜ = fˆ jS +(D). Let
jD = jS +(D)iD. Then we have fˆ as the unique homomorphism such that f = fˆ jD. However, jD is
not a homomorphism of dendriform algebras in general.
In the end, we show that the homomorphism fˆ can be factored through X0σ(S
+(D))/JRB. First
we check
fˆ (x ≺D y − x ⋄σ,0 PD(y)) = f (x ≺D y) − fˆ (x ⋄σ,0 PD(y)) = f (x) ≺P f (y) − fˆ (x) fˆ (PD(y))
= f (x) ≺P f (y) − f (x)P( f (y)) = 0,
for all x, y ∈ D, thus JRB ⊆ ker fˆ . It implies the existence of a homomorphism f¯ : X
0
σ(S
+(D))/JRB →
R of braided Rota-Baxter algebras such that fˆ = f¯π with π : X0σ(S
+(D)) → X0σ(S
+(D))/JRB as
the natural projection.
Letting ρD = π◦ jD, then we clearly have ρD as a homomorphism of dendriform algebras and f¯
as a homomorphism of braided Rota-Baxter algebras such that f = f¯ρD. To verify the uniqueness
of such a homomorphism f¯ , assume that there exists another homomorphism f¯ ′ satisfying f =
f¯ ′ρD, that is, f¯
′π jD = f = f¯π jD. By the uniqueness of fˆ with f = fˆ jD, we have f¯
′π = fˆ = f¯π,
and thus f¯ ′ = f¯ by the surjectivity of π.
In summary, we obtain the following commutative diagram
D
iD
||②②
②②
②②
②②
②
f
☞☞
☞☞
☞
☞☞
☞☞
☞
☞☞
☞☞
☞☞
☞
ρD

❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁❁
❁
jD
&&◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆
S +(D)
jS+ (D)
//
∃! f˜

X
0
σ(S
+(D))
∃! fˆ
tt
π

R X0σ(S
+(D))/JRB ,
∃! f¯
oo
and (X0σ(S
+(D))/JRB, ⋄σ,0, PD, β) is the braided universal enveloping commutative Rota-Baxter
algebra of D. 
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